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ABSTRACT 
Let hk( T) be the kth eigenvalue of a tree, [x] the largest integer not greater than 
r. It is shown that a tree with n vertices has A,(T) < Jm for 2 Q k < [n/2], 
and this upper bound is best possible for n = 1 mod k. 
1. INTRODUCTION 
Let T be a tree with R vertices. We denote by A(T) the adjacency matrix 
of T, i.e., A(T) = (aij), where aij = 1 if vi is adjacent to vi and a, j = 0 
otherwise. All of eigenvalues of A(T) are real, since A(T) is real and 
symmetric. We denote the eigenvalues of A(T) in decreasing order by 
X,(T)>A,(T)>, ... ah,(T) 
andcallthemtheeigenvaluesof T,whereh,= -h,_i+,(i=1,2,...,[n/2]), 
since T is a bipartite graph. 
ItiswellknownthatA,(T)<m,andX,(T)=miffTisthestar 
K l,n-1’ A. Neumaier [2] has shown that h,(T) < /Tn-3)/2, but this is true 
only for odd n. In this paper, we obtain the following result: Let T be a tree 
with n vertices. For any real number x, we denote by [x] the largest integer 
not greater than r. Then hk( T) Q I/- for 2 < k < [n/2], and this 
upper bound is best possible for n = 1 mod k. 
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2. LEMMAS 
Let V’ be a subset of vertices of a graph G, IV’1 = k. Denote by G - V’ 
the subgraph obtained from G by deleting the vertices in V’ together with 
their incident edges. If V’ = { 0 }, we write G - o for G - { o }. 
LEMMA 1. xi(G)>Ai(G-V’)>Xi+k(G)(i=1,2,...,n-k). 
Proof. See [ 11. n 
LEMMA 2. Let T be a tree with n vertices. Then for any positive integer 
k, 2 < k < n - 1, there exists a vertex v E T such that all but at most one of 
the components of T - v have order not greater than [(n - 2)/k] + 1 and the 
exceptional one (if it exists) has order not greater than n - 2 - [(n - 2)/k]. 
Proof. Let v1 be a vertex of T. If v = v1 has not the required property, 
then T - vl either has a component of order greater than n - 2 - [(n - 2)/k] 
or there are at least two components of order greater than [(n - 2)/k] + 1. If 
TI is one of the components of T - v1 and the order of T, greater than 
[(n - 2)/k]+l, th en the remaining components of T - v1 have order less 
than n - 2 - [(n - 2)/k] altogether; thus if v2 is the neighbor of v1 in T,, 
then in T - v2, the component of v1 has order not greater than n - 2 - [(n 
- 2)/k], and the other components of T - v2 are contained in T1 - v2 and 
hence have order less than the order of T,. If v = v2 has not the required 
property, then TI - v2 has a component Tz of order greater than [(n - 2)/k] 
+ 1. Let vg be the neighbor of v2 in T,; then in T - v3, the component of v2 
has order not greater than n - 2 - [(n - 2)/k], and the other components of 
T - v3 are contained in T, - v3 and hence have order less than the order of 
T,. If T, - v3 has a component T3 of order greater than [(n - 2)/k] + 1, by 
repeating this process we obtain after a finite number of steps a vertex v with 
the required property. H 
LEMMA 3. Let T be a tree with n vertices. Then there exists a vertex 
v E T such that all components of T - v have order not greater than [n/2]. 
Proof. This follows from Lemma 2 by taking k = 2. Also see [2]. n 
LEMMAS. Let T be a tree with n vertices. Then for any positive integer 
k, 2 < k < [n/2], there exists a subset V’ of the vertex set of T, IV’1 = k - 1, 
such that all components of T - V’ have order not greater than [(n - 2)/k] + 1. 
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Proof. For the case k = 2 this is Lemma 3. From now on we assume 
k >, 3. By Lemma 2 there exists a vertex u1 such that all but at most one of 
the components of T - u1 have order not greater than [(n - 2)/k]+ 1. 
Denote by Tl the exceptional one (if it exists). Let n1 be the order of T,; then 
nl<n_2- [q, [ (-y)]+1. 
If n, < k, then we can find V’ with the required property, so we may assume 
that n, > k. By Lemma 2 there exists a vertex o2 such that all but at most one 
component T, of T - u2 have order not greater than [(n, - 2)/( k - l)] + 1 
and 
n - 2 - [(n - 2)/k] - 2 [=I+-[ k-1 ]+I 
n-2 
d 
[ 1 - +1. k 
Let n2 be the order of T,; then 
n,<n,-2- [=I< [ (k-2fn-2)]+I 
Repeating this process at most k - 1 times, we obtain a subset V’= 
{ 01’ u g,. . . , uk _ 1 } with the required property. W 
3. RESULT 
THEOREM. Let T be a tree with n vertices. Then 
n-2 
O<A,(T)< k K-l 
for any positive integer k (2 < k Q [n/2]), where we denote by [x] the largest 
integer not greater than x. In addition, if n = 1 mod k, this upper bound for 
X,(T) is best possible. 
Proof. Since T is a bipartite graph, we have hi(T) = - An+ 1 _ i( T) 
(I< i G [n/2])ands0 X,(T)hO(2< k< [n/2]). If T isastar,then h,(T)= 
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0. By Lemma 4 there exists a nonempty subset V’ of vertex set of T, 
JV’I = k - 1, such that all components of T - V’ have order not greater than 
[(n - 2)/k] + 1, and so by Lemma 1 we have 
h,(T)<h,(T-V’)<\li[m. 
For the case of n = 1 mod k, let n = Zk + 1 where I > 2. We construct a tree 
T* as follows: take k disjoint star K,,l_, and an extra vertex v, and then we 
join the centers of each star K,,[_, to v. It is clear that T* - v has k 
components and each component is K r. I_ r; thus 
A,@-*-v)=X,(T*-v)= ... =X,(T*-v)=JI-l 
By Lemma 1 
Ai(T*-u)>,hi+l(T*)~~i+l(T*-V) (i=1,2 ,...) n-2), 
h,(T*)=m= 
4. COUNTEREXAMPLE 
The following example shows that X,(T) < /_ is not true gener- 
ally. Consider the tree T with 8 vertices shown in Figure 1. The characteristic 
polynomial of T is 
PT( A) = As - 7x6 + 13A4 - 4x2. 
It is easy to see that 
X,(T)= v, 
which is bigger than dm = fi. 
FIG. 1. 
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